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V:Injective Resolutions and Derived
2-Functors in (R-2-Mod)
Fang HUANG, Shao-Han CHEN, Wei CHEN, Zhu-Jun ZHENG∗
Abstract: In this paper, we will construct the injective resolution
of any R-2-module, define the right derived 2-functor, and give some
related properties of the derived 2-functor in (R-2-Mod).
Keywords: R-2-Module; Injective Resolution; Right Derived 2-
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1 Introduction
This is the fifth paper of the series of higher dimensional homology algebra.
In [5], We gave the definition of R-2-modules and proved that the 2-category (R-
2-Mod) is an abelian 2-category in a different way from M.Dupont’s([4]). Based
on the works of A.del Rı´o, J. Mart´ınez-Moreno and E. M. Vitale[1], we gave the
constructions of projective resolutions of symmetric 2-group and R-2-module, de-
fined the left derived 2-functors and gave the fundamental properties of derived
2-functors in (2-SGp) and (R-2-Mod), respectively [7, 8]. In this paper, we con-
struct an injective resolution of any R-2-module in the 2-category (R-2-Mod) and
prove that it is unique up to 2-cochain homotopy (Proposition 2 and Theorem 1).
These results make it possible to define right derived 2-functor in (R-2-Mod).
∗Supported in part by NSFC with grant Number 10971071 and Provincial Foundation of
Innovative Scholars of Henan.
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When we proved (2-SGp) and (R-2-Mod) have enough projective objects ([6]),
T.Pirashvili gave injective enough of (2-SGp) and (R-2-Mod) in [13] and he said
that ”abelian 2-category SCG (as well as the abelian 2-category of 2-modules over
a 2-ring) has enough projective and injective objects”([14]). He also proved that
the 2-categorySCG is 2-equivalent to the 2-category of 2-modules over Φ, where Φ
is a symmetric categorical group, whose objects are integers, morphism from n to
m is δn,m, i.e. if n 6= m, there is no morphism; otherwise, is identity, for n,m ∈ Z.
So we just consider the right derived 2-functor in 2-category (R-2-Mod).
In our coming papers, we shall define Ext 2-functor and the spectral sequence
in an abelian 2-category, try to give the relation between Ext 2-functor and the
extension of 2-modules. Meantime, we shall discuss the representation of Lie 2-
algebra and its extension based on the theory of higher dimensional homology
algebra.
This paper is organized as follows. In section 2, we give some basic facts on
R-2-modules such as the relative (co)kernel, relative 2-exact appeared in [1, 4,
15]. The cohomology R-2-modules of a complex of R-2-modules appear in this
section, too. We give the definition of 2-cochain homotopy of two morphisms
of complexes in (R-2-Mod) like cochain homotopy in 1-dimensional case, and
prove that it induces equivalent morphisms between cohomology R-2-modules.
In section 3, we mainly give the definition of injective resolution of R-2-module
and its construction(Proposition 2). In section 4, after the basic definitions of 2-
functors between abelian 2-category (R-2-Mod)([4, 5]), we define the right derived
2-functor and obtain our main result Theorem 2.
Notation 1. An R-2-module we mentioned in this paper is (A, I, ·, a, b, i, z), where
A is a symmetric 2-group with R-2-module structure ·, I is the unit object under
·, a, b, i, z are natural isomorphisms satisfying canonical properties [5], and R is a
2-ring([4, 5, 10]).
2 Preliminary
In this section, we review the constructions of relative kernel and cokernel([8]),
give the definition of relative 2-exactness of a sequence and the cohomology R-
2-modules of a complex of R-2-modules in (R-2-Mod)(also see [4] for general
2
defintions), and then give the definition of 2-cochain homotopy and its related
result similar to the 1-dimensional case [9, 11, 12, 16].
The relative kernel (Ker(F, ϕ), e(F,ϕ), ε(F,ϕ)) of a sequence (F, ϕ,G) : A →
B → C in (R-2-Mod) is a symmetric 2-group consisting of:
· An object is a pair (A ∈ obj(A), a : F (A) → 0) such that the following
diagram commutes
(0)G( ( ))G F A
( )G a
0
;A
j
· A morphism f : (A, a) → (A
′
, a
′
) is a morphism f : A→ A
′
in A such that
the following diagram commutes
( )F A
( )F f
0
'( )F A
a
'
a
· R-2-module structure is induced by the R-2-module structure of A(more
details see [8]).
· The faithful functor e(F,ϕ) : Ker(F, ϕ) → A is defined by e(F,ϕ)(A, a) = A,
and the natural transformation ε(F,ϕ) : F ◦ e(F,ϕ) ⇒ 0 by (ε(F,ϕ))(A,a) = a.
The relative cokernel (Coker(ϕ,G), p(ϕ,G), π(ϕ,G)) of a sequence (F, ϕ,G) : A →
B → C in (R-2-Mod) is a symmetric 2-group consisting of:
· Objects are those of C.
· A morphism from X to Y is an equivalent class of the pair (B, f) : X → Y
with B ∈ obj(B) and f : X → G(B)+Y . Two morphisms (B, f), (B
′
, f
′
) : X → Y
are equivalent if there is A ∈ obj(A) and a : B → F (A)+B
′
such that the following
diagram commutes
3
X ( )G B Y+
'( ( ) )G F A B Y+ +
'0 ( )G B Y+ +
( ) 1G a +
'( )G B Y+
'
f
'( ) ( )GF A G B Y+ +
;
;
f
1 1
A
j + +
· R-2-module structure is induced by the R-2-module structure of C(more
details see [8]).
· The essentially surjective functor p(ϕ,G) : C → Coker(ϕ,G) is defined by
p(ϕ,G)(X) = X , and the natural transformation π(ϕ,G) : p(ϕ,G)◦G⇒ 0 by (π(ϕ,G))B =
1G(B).
Definition 1. ([4]) Consider the following diagram in (R-2-Mod)
A B C
F G
0
0
'
A 'C
0
ga
j
L M
with α compatible with ϕ and ϕ compatible with γ. By the universal property of
the relative cokernel Coker(α, F ), we get a factorization (G
′
, ϕ
′
) of (G,ϕ) through
(p(α,F ), π(α,F )). By the cancellation property of p(α,F ), we have a 2-morphism γ as
in the following diagram
A B C
F G
0
0
'
A 'C
L M
( , )Coker Fa
'
G
'
j
( , )F
p
a
( , )Fa
p
g
We say that the sequence (L, α, F, ϕ,G, γ,M) is relative 2-exact in B if the functor
G
′
is faithful and γ-full.
Remark 1. The equivalent definition of relative 2-exact can also be given using
relative kernel similar to the symmetric 2-group case in [1].
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In the following, we will omit the composition symbol ◦ in our diagrams.
A complex of R-2-modules is a diagram in (R-2-Mod) of the form
A· = A0
L0−→ A1
L1−→ A2
L2−→ · · ·
Ln−1
−−−→ An
Ln−→ An+1
Ln+1
−−−→ An+2
Ln+2
−−−→ · · ·
together with a family of 2-morphisms {αn : Ln+1 ◦ Ln ⇒ 0}n≥0 such that, for all
n, the following diagram commutes
1 1n n nL L L+ - 10nL +
10 nL - 0can
can
1n n
La
-
1 1n n
L a
+ -
We call this complex a 2-cochain complex in (R-2-Mod).
Consider part of the 2-cochain complex
00
0
2n-A 1n-A nA 1n+A 2n+A
2n
L
- 1n
L
- n
L
1n
L
+
n
a
1n
a
-
2n
a
-
Based on the universal properties of relative kernel Ker(Ln, αn), we have the
following diagram
00
0
2n-A 1n-A nA 1n+A 2n+A
2n
L
- 1n
L
- n
L
1n
L
+
n
a
2n
a
-
'
1n
a
-
'
1n
L
-2n
a -
( , )
n n
Ker L a
( , )Ln n
e
a
The nth cohomology R-2-module Hn(A·) of the 2-cochain complex A· is defined
as the relative cokernel Coker(αn−2, L
′
n−1).
Note that, to get H0(A·) and H
1(A·), we have to complete the complex A· on
the left with the two zero morphisms and two canonical 2-morphisms
0
0
−→ 0
0
−→ A0
L0−→ A1
L1−→ · · ·, can : L0 ◦ 0⇒ 0 can : 0 ◦ 0⇒ 0.
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For the convenient application of Hn(A·), we will give an explicit description
of it using the construction of relative kernel and cokernel (similar to [1]).
· An object of Hn(A·) is an object of the relative kernel Ker(Ln, αn), that is
a pair
(An ∈ obj(An), an : Ln(An)→ 0)
such that Ln+1(an) = (αn)An;
· A morphism (An, an)→ (A
′
n, a
′
n) is an equivalent pair
(Xn−1 ∈ obj(An−1), xn−1 : An → Ln−1(Xn−1) + A
′
n)
such that the following diagram commutes
( )n nL A
0
'
1 1( ( ) )n n n nL L X A- - +
1
( )
n n
L x
-
1 1
1
n Xn
a
- -
+
'0 ( )n nL A+
'( )n nL A
'
1 1( ) ( )n n n n nL L X L A- - +
n
a
'
n
a
;
Two morphisms (Xn−1, xn−1), (X
′
n−1, x
′
n−1) : (An, an) → (A
′
n, a
′
n) are equivalent if
there is a pair
(Xn−2 ∈ obj(An−2), xn−2 : Xn−1 → Ln−2(Xn−2) +X
′
n−1)
such that the following diagram commutes
nA
'
1 1( )n n nL X A- - +
' '
1 2 2 1( ( ) )n n n n nL L X X A- - - -+ +
1 2
( ) 1
n n
L x
- -
+
' '
1 1( )n n nL X A- - +
'
1n
x
-
' '
1 2 2 1 1( ) ( )n n n n n nL L X L X A- - - - -+ +
;
;
' '
1 10 ( )n n nL X A- -+ +
1n
x
-
2
2
1
n Xn
a
-
-
+
A morphism (F·, λ·) : A· → B· of two 2-cochain complexes in (R-2-Mod) is a
picture in the following diagram
6
1n-A nA 1n+A
n
F
1n
F
+
0
× × ×
2n+A
1n
F
- 2n
F
+
1n-B nB 1n+B× × × 2n+B
2n
L
-
2n
M
-
0
× × ×
× × ×
n
l 1n
l
+
1n
L
-
1n
M
+n
M
1n
M
-
1n
L
+n
L1n
a
-
1n
b
-
1n
l
-
where Fn : An → Bn is 1-morphism in (R-2-Mod), λn : Fn+1 ◦ Ln ⇒ Mn ◦ Fn is
2-morphism in (R-2-Mod), for each n, making the following diagram commutative
1n n nM F L -1 1n n nF L L+ -
10 nF -
1 1n n
Fb
- -
1n n
Ll
-
can
0
10nF +
1n n
M l
-
1 1n n nM M F- -
can
1 1n n
F a
+ -
Such a morphism induces, for each n, a morphism of cohomology R-2-modules
Hn(F·) : H
n(A·) → H
n(B·) from the universal properties of relative kernel and
cokernel. Hn(F·) is a morphism of cohomology symmetric 2-groups, which is
given in [1], together with a natural isomorphism Hn(F·)2 : H
n(F·)(r · (An, an))→
r · Hn(F·)(An, an) induced by the R-homomorphism Fn([5]).
Remark 2. 1. For a complex ofR-2-modules which is relative 2-exact in each point,
the (co)homology R-2-modules are always zero R-2-module(only one object and
one morphism)([4, 5]).
2. For morphisms A·
(F·,λ·)
−−−→ B·
(G·,µ·)
−−−−→ C· of complexes of R-2-modules, their
composite is given by (Gn ◦ Fn, (µn ◦ Fn) ⋆ (Gn+1 ◦ λn)), for n ∈ Z, where ⋆
is the vertical composition of 2-morphisms in 2-category([3, 4, 5]). Moreover,
Hn(G· ◦ F·) ⋍ H
n(G·) ◦ H
n(F·) of cohomology R-2-modules.
Definition 2. Let (F·, λ·), (G·, µ·) : (A·, L·, α·)→ (B·,M·, β·) be two morphisms of
2-cochain complexes of R-2-modules. If there is a family of 1-morphisms {Hn−1 :
An → Bn−1}n∈Z and a family of 2-morphisms {τn : Fn ⇒Mn−1 ◦Hn−1+Hn ◦Ln+
Gn : An → Bn}n∈Z in (R-2-Mod) satisfying the obvious compatible conditions,
i.e. the following diagram commutes
7
n nM F
1 1 1( )n n n n n nM H H L G L+ + ++ + 1 1( )n n n n n nM M H H L G- - + +
1 1n n n n n n n nM M H M H L M G- - + +
10 n n n n n nH M H L M G- + +
n n
M t
can
1n n
Lt
+
1
1 1
n n
H a
+
+ + 1 1
1 1
n n
Hb
- -
+ +
can
n n n n nM H L M G+
1n nF L+
n
l
1 1 1n n n n n n n nM H L H L L G L+ + ++ +
1 10n n n n n nM H L H G L+ ++ +
1n n n n nM H L G L++
can
can
1
n
m+
We call the above morphisms (F·, λ·), (G·, µ·) are 2-cochain homotopy.
Proposition 1. Let (F·, λ·), (G·, µ·) : (A·, L·, α·)→ (B·,M·, β·) be two morphisms
of 2-cochain complexes of R-2-modules. If they are 2-cochain homotopy, there is
an equivalence between induced morphisms Hn(F·) and H
n(G·).
Proof. In order to prove the equivalence between two morphisms, it will suffice to
construct a 2-morphism ϕn : H
n(F·)⇒H
n(G·), for each n.
There are induced morphisms
Hn(F·) : H
n(A·)→H
n(B·)
(An, an) 7→ (Fn(An), bn),
[Xn−1, xn−1] 7→ [Fn−1(Xn−1), xn−1]
and
Hn(G·) : H
n(A·)→H
n(B·)
(An, an) 7→ (Gn(An), bn),
[Xn−1, xn−1] 7→ [Gn−1(Xn−1), xn−1
′
]
where bn is the composition MnFn(An)
(λn)
−1
An−−−−→ Fn+1Ln(An)
Fn+1(an)
−−−−−→ Fn+1(0) ⋍ 0,
xn−1 is the composition Fn(An)
Fn(xn−1)
−−−−−→ Fn(Ln−1(Xn−1)+A
′
n) ⋍ FnLn−1(Xn−1)+
Fn(A
′
n)
(λn−1)Xn−1+1
−−−−−−−−→ Mn−1Fn−1(Xn−1) + Fn(A
′
n), bn and xn−1
′
can be given in
similar ways. For any object (An, an) of H
n(A·), let Yn−1 = Hn−1(An). Consider
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the following composition morphism yn−1 : Fn(An)
(τn)An−−−−→ (Mn−1 ◦ Hn−1 + Hn ◦
Ln+Gn)(An)
1+Hn(an)+1
−−−−−−−→Mn−1(Hn−1(An))+Hn(0)+Gn(An) ⋍ Mn−1(Yn−1)+0+
Gn(An) ⋍ Mn−1(Yn−1)+Gn(An) of Bn. We get a morphism [Yn−1 ∈ obj(Bn−1), yn−1 :
Fn(An) → Mn−1(Yn−1) + Gn(An)] : (Fn(An), bn) → (Gn(An), bn) of H
n(B·) such
that the following diagram commutes
( ( ))n n nM F A
0
1 1( ( ( )) ( ))n n n n n nM M H A G A- - +
1 1( ( ( ))) ( ( ))n n n n n n nM M H A M G A- - +
1
( )
n n
M y
-
1 ( )1
1
n H An n
b
- -
+
0 ( ( ))n n nM G A+( ( ))n n nM G A
;
;
nb
nb
From the compatible condition of (τn)n∈Z, we have the following commutative
diagram
( )n n nM F A
0 0+
;
1
( ) ( )
n n n n n
M H a G a
+
+
1 ( )n n nF L A+
0
;
;
;
;
1 ( )n L An n
t
+
1
nAn
l
-
1 1 1
( )( )
n n n n n n
M H H L G a
+ + +
+ +
1
1
nAn
m
-
+
1
1 ( ) 1
n nAn
H a
+
+ +
1 ( ) 1
n n n
M H a+ +
1
( )
n n
G a
+
1 1( )( )n n n n n n nM M H H L G A- - + + 1 1( ) ( ) ( )n n n n n n n n n n nM M H A M H L A M G A- - + +
1 1( ) (0) ( )n n n n n n n n nM M H A M H M G A- - + +
1 1( ) ( )n n n n n n nM M H A M G A- - +
0 ( )n n nM G A+
1 ( )n n nG L A+
1
nAn
m
-
0 ( ) ( )n n n n n n nM H L A M G A+ +
( ) ( )n n n n n n nM H L A M G A+
1( ) ( )n n n n n n nM H L A G L A++
1(0) (0)n n nM H G ++
1 1 1( ) ( )n n n n n n nM H H L G L A+ + ++ +
1 1 1( ) ( ) ( )n n n n n n n n n n nM H L A H L L A G L A+ + ++ +
1 1( ) (0) ( )n n n n n n n nM H L A H G L A+ ++ +
1(0)nG +
( )
n nAn
M t
1
( )
n n
F a
+
;
1( ) 0 ( )n n n n n n nM H L A G L A++ +
;
;;
1
( )
n n
M y
-
1 ( )1
1
n H An n
b
-
-
+
1 ( )1
1
n H An n
b
-
-
+
So [Yn−1, yn−1] is a morphism in H
n(B·), then we can define a 2-morphism ϕn.
For any morphism [Xn−1, xn−1] : (An, an) → (A
′
n, a
′
n) in H
n(A·), where Xn−1 ∈
obj(An+1), xn−1 : An → Ln−1(Xn−1) + A
′
n satisfying the following commutative
diagram
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( )n nL A
0
'
1 1( ( ) )n n n nL L X A- - +
'
1 1( ) ( )n n n n nL L X L A- - +
1
( )
n n
L x
-
'0 ( )n nL A+
'( )n nL A
'
n
a
n
a ;
1 1
1
n X n
a
- -
+
Hn(F·)[Xn−1, xn−1] = [Fn−1(Xn−1), xn−1],H
n(G·)[Xn−1, xn−1] = [Gn−1(Xn−1), xn−1
′
],
where xn−1 and xn−1
′
are the following composition morphisms xn−1 : Fn(An)
Fn(xn−1)
−−−−−→
Fn(Ln−1(Xn−1)+A
′
n) ⋍ FnLn−1(Xn−1)+Fn(A
′
n)
(λn−1)Xn−1+1
−−−−−−−−→Mn−1Fn−1(Xn−1)+
Fn(A
′
n), xn+1
′
: Gn(An)
Gn(xn−1)
−−−−−→ Gn(Ln−1(Xn−1) + A
′
n) ⋍ GnLn−1(Xn−1) +
Gn(A
′
n)
(µn−1)Xn−1+1
−−−−−−−−→Mn−1Gn−1(Xn−1) +Gn(A
′
n).
Then we have the following commutative diagram
( , ) 1 1
[ ( ), ]
n A a n n nn n
H A yj
- -
=
11 1
[ ( ), ]nn nF X x -- -
( )( , )n n nF A a×H
' '( )( , )n n nF A a×H
( )( , )n n nG A a×H
' '( )( , )n n nG A a×H
' '
1 1' '( , )
[ ( ), ]
n n n n
A an n
H A yj
- -
=
'
11 1
[ ( ), ]nn nG X x -- -
There exist [Yn−2 , Hn−2(Xn−1), yn−2] : ([Hn−1(A
′
n), y
′
n−1]◦ [Fn−1(Xn−1), xn−1])→
[Gn−1(Xn−1), xn−1
′
] ◦ [Hn−1(An), yn−1] induced by τ·. In fact, ((Hn−1(A
′
n), y
′
n−1) ◦
Fn−1(Xn−1), xn−1)) = [Fn−1(Xn−1)+Hn−1(A
′
n), (1+y
′
n−1)◦xn−1
′
], [Gn−1(Xn−1), xn−1]◦
[Hn−1(An), yn−1] = [Hn−1(An) +Gn−1(Xn−1), (1 + xn−1
′
) ◦ yn−1] from the compo-
sition of morphisms in relative cokernel, so yn−2 is the composition morphism
Fn−1(Xn−1) + Hn−1(A
′
n)
(τn−1)Xn−1+1
−−−−−−−−→ (Mn−2Hn−2 + Hn−1Ln−1 + Gn−1)(Xn−1) +
Hn−1(A
′
n) ⋍ Mn−2Hn−2(Xn−1) + Hn−1Ln−1(Xn−1) + Gn−1(Xn−1) + Hn−1(A
′
n) ⋍
Mn−2Hn−2(Xn−1)+Gn−1(Xn−1)+Hn−1(Ln−1(Xn−1+A
′
n)
1+1+Hn−1(x
−1
n−1
)
−−−−−−−−−−→Mn−2Hn−2(Xn−1)+
Gn−1(Xn−1)+Hn−1(An) ⋍Mn−2Hn−2(Xn−1)+Hn−1(An)+Gn−1(Xn−1). Moreover
the morphism [Yn−2, yn−2] makes the following diagram commute
10
'1 1 1 1( ( ) ( )) ( )n n n n n n nM H A G X G A- - - -+ +
;
;
' '
1 1 1( ( ) ( )) ( )n n n n n n nM F X H A G A- - - -+ +( )n nF A
'
1 2 1 1 1 1 1( ( ) ( ) ( )) ( )n n n n n n n n n nM M H X H A G X G A- - - - - - -+ + +
2 ( )1 1
1 1
n H Xn n
b
-
- -
+ +
'
1 2 1 1 1 1 1 1( ) ( ( ) ( )) ( )n n n n n n n n n n nM M H X M H A G X G A- - - - - - - -+ + +
'
1 1 1 10 ( ( ) ( )) ( )n n n n n n nM H A G X G A- - - -+ + +
1 2
( ) 1
n n
M y
- -
+
'
11
(1 ) nny x --+ o
'
1 1
(1 )n nx y- -+ o
from the following several commutative diagrams
( )n nF A
'
1 1( ( ) )n n n nF L X A- - +
'
1 1 1 1( )( ( ) )n n n n n n n nM H H L G L X A- - - -+ + +1 1( )( )n n n n n nM H H L G A- - + +
1
( )
n n
F x
-
1 1 1
( )( )
n n n n n n
M H H L G x
- - -
+ +
nAn
t
'( )1 1
n
L X An n n
t
+- -
I
'
1 1( ( ) )n n n nF L X A- - +
'
1 1 1 1( )( ( ) )n n n n n n n nM H H L G L X A- - - -+ + +
'( )1 1
n
L X An n n
t
+- -
'
1 1( ) ( )n n n n nF L X F A- - +
'
1 1 1 1 1 1( ) ( ) ( )( )n n n n n n n n n n n n nM H H L G L X M H H L G A- - - - - -+ + + + +
( ) '1 1
n nL Xn n An
t t
- -
+II
'
1 1 1 1( )( ( ) )n n n n n n n nM H H L G L X A- - - -+ + +1 1( )( )n n n n n nM H H L G A- - + +
1 1 1
( )( )
n n n n n n
M H H L G x
- - -
+ +
1 1( ) ( ) ( )n n n n n n n nM H A H L A G A- - + +
' ' '
1 1 1 1 1 1 1 1( ( ) ) ( ( ) ) ( ( ) )n n n n n n n n n n n n n nM H L X A H L L X A G L X A- - - - + + - -+ + + + +
1 1 1 1 1
( ) ( ) ( )
n n n n n n n n
M H x H L x G x
- - - - -
+ +
; ;III
11
1 1( ) ( ) ( )n n n n n n n nM H A H L A G A- - + +
' ' '
1 1 1 1 1 1 1 1( ( ) ) ( ( ) ) ( ( ) )n n n n n n n n n n n n n nM H L X A H L L X A G L X A- - - - + + - -+ + + + +
1 1 1 1 1
( ) ( ) ( )
n n n n n n n n
M H x H L x G x
- - - - -
+ +
'
1 1 1 1 1 1 1 1( ) (0) ( ) ( )( )n n n n n n n n n n n n n nM H L X H G L X M H H L G A- - - - - - - -+ + + + +
'
1 1 1 1 1 1 1 1 1 1( ) ( ) ( ) ( )( )n n n n n n n n n n n n n n n n nM H L X H L L X G L X M H H L G A- - - - - - + + - -+ + + + +
;
;
;
;
1
1
1 ( ) 1 1
n n Xn
H a
-
-
+ + +
' ' '
1 1 1 1 1 1( ( ) ) ( ) ( ( ) )n n n n n n n n n n n nM H L X A H L A G L X A- - - - - -+ + + +
1
1 1 1
( ) 1
n n n
M H x
-
- - -
+
'
1 1 1 1 1( ) ( ) ( )n n n n n n n nM H A M G X G A- - - - -+ +
;
'
1 1 1 1( ( ) ( )) ( )n n n n n n nM H A G X G A- - - -+ +
1 ( ) 1
n n
H a+ +
1 1( ) (0) ( )n n n n n nM H A H G A- - + +
'
1 1 1 1( ) ( ( ) )n n n n n n nM H A G L X A- - - -+ +
1
1 ( )
n n
G x
-
+
1 1( ) ( )n n n n nM H A G A- - +
'
1 1 1 1( ) ( ) ( )n n n n n n n nM H A G L X G A- - - -+ +
;
;
'
1 1 1 1 1( ) ( ) ( )n n n n n n n nM H A M G X G A- - - - -+ +
1
1
1 1
n X n
m
-
-
+ +
'
1 ( ) 1
n n
H a+ +
' '
1 1 1 1 1 1( ( ) ) (0) ( ( ) )n n n n n n n n n nM H L X A H G L X A- - - - - -+ + + +
' '
1 1 1 1 1 1( ( ) ) ( ( ) )n n n n n n n n nM H L X A G L X A- - - - - -+ + +
'
1 1 1 1( ) ( ( ) )n n n n n n nM H A G L X A- - - -+ +
'
1 1 1 1( ) ( ) ( )n n n n n n n nM H A G L X G A- - - -+ +
1
1
1 1
n X n
m
-
-
+ +
1 1
1 1 1 1
( ) ( )
n n n n n
M H x G x
- -
- - - -
+
;
IV
V
;
'
1 1 1 1 1 1 1 1( ) ( ) ( )( )n n n n n n n n n n n n nM H L X G L X M H H L G A- - - - - - - -+ + + +
' ' '
1 1 1 1 1 1 1( ( ) ) ( ) ( ) ( )n n n n n n n n n n n n nM H L X A M G X H L A G A- - - - - - -+ + + +
'
1 1 1 1 1 1 1 1 1( ) ( ) ( )( )n n n n n n n n n n n n nM H L X M G X M H H L G A- - - - - - - - -+ + + +
'
1 1 1 1 1( ) ( ) (0) ( )n n n n n n n n nM H A M G X H G A- - - - -+ + +
1 '
1 1 1
( ) 1 ( ) 1
n n n n n
M H x H a
-
- - -
+ + +
'
1 1 1 1 1( ) ( ) ( )n n n n n n n nM H A M G X G A- - - - -+ +
;
'
1 1 1 1( ( ) ( )) ( )n n n n n n nM H A G X G A- - - -+ +
;
;
;
' ' '
1 1 1 1 1 1( ( ) ) ( ) ( ( ) )n n n n n n n n n n n nM H L X A H L A G L X A- - - - - -+ + + +
1
1 1 1
( ) 1
n n n
M H x
-
- - -
+
'
1 1 1 1 1( ) ( ) ( )n n n n n n n nM H A M G X G A- - - - -+ +
;
'
1 ( ) 1
n n
H a+ +
' '
1 1 1 1 1 1( ( ) ) (0) ( ( ) )n n n n n n n n n nM H L X A H G L X A- - - - - -+ + + +
' '
1 1 1 1 1 1( ( ) ) ( ( ) )n n n n n n n n nM H L X A G L X A- - - - - -+ + +
'
1 1 1 1( ) ( ( ) )n n n n n n nM H A G L X A- - - -+ +
'
1 1 1 1( ) ( ) ( )n n n n n n n nM H A G L X G A- - - -+ +
1
1
1 1
n Xn
m
-
-
+ +
;
VI
1
1
1 1
n X n
m
-
-
+ +
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1 1 1 1( ) ( )n n n n n n nM H H L G L X- - - -+ +
1 1 1 1 1 1 1 1( ) ( ) ( )n n n n n n n n n n nM H L X H L L X G L X- - - - - - - -+ +
1 1 1 1 1 1( ) (0) ( )n n n n n n n nM H L X H G L X- - - - - -+ +
;
;
;
;
1
1
1 ( ) 1
n n Xn
H a
-
-
+ +
1 1 1( )n n nM F X- - -1 1( )n n nF L X- -
1 1 1 1 1 1( ) ( )n n n n n n nM H L X G L X- - - - - -+
1
1
1
n X n
m
-
-
+
1
1
n Xn
l
-
-
( )1 1
nL Xn n
t
- -
1 1
1
( )
n n X n
M t
- -
-
1 2 2 1 1 1 1( )( )n n n n n n nM M H H L G X- - - - - - -+ +
1 2 2 1 1 1 1 1 1 1 1( ) ( ) ( )n n n n n n n n n n nM M H X M H L X M G X- - - - - - - - - - -+ +
2 ( )1 1
1 1
n H Xn n
b
-
- -
+ +
1 1 1 1 1 1 10 ( ) ( )n n n n n n nM H L X M G X- - - - - - -+ +
1 1 1 1 1 1 1( ) ( )n n n n n n nM H L X M G X- - - - - - -+
VII
;
;
1 1
1
( ) 1
n n Xn
M t
- -
-
+
'
1 2 2 1 1 1 1 1 1( )( ) ( )( )n n n n n n n n n n n n nM M H H L G X M H H L G A- - - - - - - - -+ + + + +
2 ( )1 1
1 1 1
n H Xn n
b
-
- -
+ + +
'
1 1 1 1 1 1 1 1 10 ( ) ( ) ( )( )n n n n n n n n n n n n nM H L X M G X M H H L G A- - - - - - - - -+ + + + +
' ' '
1 1 1 1 1 1 1 1 1( ) ( ) ( ) ( ) ( )n n n n n n n n n n n n n n nM H L X M G X M H A H L A G A- - - - - - - - -+ + + +
' ' '
1 1 1 1 1 1 1( ( ) ) ( ) ( ) ( )n n n n n n n n n n n n nM H L X A M G X H L A G A- - - - - - -+ + + +
'
1 1 1 1 1( ) ( ) (0) ( )n n n n n n n n nM H A M G X H G A- - - - -+ + +
1 '
1 1 1
( ) 1 ( ) 1
n n n n n
M H x H a
-
- - -
+ + +
;
'
1 1 1 1( ( ) ( )) ( )n n n n n n nM H A G X G A- - - -+ +
;
;
VIII
'
1 1 1 1 1( ) ( )( )n n n n n n n n nM F X M H H L G A- - - - -+ + +
'
1 2 2 1 1 1 1 1 1 1 1( ) ( ) ( ) ( )( )n n n n n n n n n n n n n n nM M H X H L X G X M H H L G A- - - - - - - - - - -+ + + + +
;
'
1 1 1 1 1( ) ( ) ( )n n n n n n n nM H A M G X G A- - - - -+ +
' ' '
1 1 1 1 1( ) ( ) ( ) ( )n n n n n n n n n n nM F X M H A H L A G A- - - - -+ + +
' '
1 1 1 1 1( ) ( ) (0) ( )n n n n n n n n nM F X M H A H G A- - - - -+ + +
'
1 1 ( ) 1
n n
H a+ + +
' '
1 1 1 1 1( ) ( ) ( )n n n n n n n nM F X M H A G A- - - - -+ +
' '
1 2 2 1 1 1 1 1(( )( ) ( )) ( )n n n n n n n n n n nM M H H L G X H A G A- - - - - - - -+ + + +
1 1
1
( ) 1
n n X n
M t
- -
-
+
'
1 2 2 1 1 1 1( ( ) ( ) ( )) ( )n n n n n n n n n nM M H X H A G X G A- - - - - - -+ + +
1
1 1 1
(1 ( ) 1) 1
n n n
M H x
-
- - -
+ + +
'
1 1 1 1 10 ( ) ( ) ( )n n n n n n n nM H A M G X G A- - - - -+ + +
'
1 2 2 1 1 1 1 1 1( ) ( ) ( ) ( )n n n n n n n n n n n nM M H X M H A M G X G A- - - - - - - - -+ + +
;
;
2 ( )1 1
1 1 1
n H Xn n
b
-
- -
+ + +
;
where I is commutative because τn is a natural transformation. II, III, VIII follow
from the properties of symmetric monoidal functors. IV follows from operation
of Hn on the commutative diagram of [Xn−1, xn−1]. V and VI follow from the
properties of symmetric 2-groups. VII follows from the commtutative diagram of
τn.
For any two objects (An, an), (A
′
n, a
′
n) of H
n(A·), (An, an) + (A
′
n, a
′
n) = (An+
A
′
n, an+ a
′
n) with Ln+1(an+ a
′
n) = (αn)An+A′n, we have the following commutative
diagram
13
' '
' '( , ) 1 1 1 1( , )
[ ( ), ] [ ( ), ]
n A a n n n n n n nA an n n n
H A y H A yj j
- - - -
+ = +
' '( )(( , ) ( , ))n n n n nF A a A a× +H
' '( )( , ) ( )( , )n nn n n nF A a F A a× ×+H H
' '( )(( , ) ( , ))n n n n nG A a A a× +H
' '( )( , ) ( )( , )n nn n n nG A a G A a× ×+H H
'
11' '( , ) ( , )
[ ( ), ]nn n n n
A a A an n n n
H A A yj --
+
= +
;
;
where yn−1, yn−1, y
′
n−1 are induced by τn as above. In fact, [Hn−1(An), yn−1] +
[Hn−1(A
′
n), y
′
n−1] = [Hn−1(An) + Hn(A
′
n), yn−1 + y
′
n−1], so (ϕn)(An,an)+(A′n,a
′
n)
=
(ϕn)(An,an) + (ϕn)(A′n,a′n), then the above diagram commutes.
Moreover, for any r ∈ obj(R), (An, an) ∈ obj(H
n(A·)), there is a commutative
diagram
( , ) 1 1
[ ( ), ]
n A a n n nn n
r r H A r yj
- -
× = × ×
( )( ( , ))n n nF r A a× ×H ( )( , )
n
n nr F A a××H
( )( ( , ))n n nG r A a× ×H ( )( , )
n
n nr G A a××H
11( , )
[ ( , ]nn n nr A an n
H r A yj --×
= ×
;
;
following from Hn−1 is an R-homomorphism.
Then ϕn is a 2-morphism in (R-2-Mod), for each n.
From the properties of 2-functors and natural proof, we get
Lemma 1. Let R,S be 2-rings, (F·, λ·), (G·, µ·) : (A·, L·, α·) → (B·,M·, β·) be
two 2-cochain homotopic morphisms of 2-cochain complexes of R-2-modules and
T : (R-2-Mod)→ (S-2-Mod) be a 2-functor. Then T (F·) is 2-cochain homotopic
to T (G·) in (S-2-Mod).
3 Injective Resolution of R-2-Module
In this section we will give the construction of injective resolution of any R-
2-module.
Definition 3. LetR be a 2-ring, and A be anR-2-module. An injective resolution
of A in (R-2-Mod) is a 2-cochain complex ofR-2-modules which is relative 2-exact
in each point as in the following diagram
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0I 1I 2I
2
F
1
F
0 0
× × ×A 3
F0
F
2
a
1
a
0
can
0
0
with injective objects In(n ≥ 0)in (R-2-Mod). i.e. the above complex is relative
2-exact in A and each In, for n ≥ 0.
Proposition 2. Every R-2-module A has an injective resolution in (R-2-Mod).
Proof. We will construct the injective resolution of A using the relative cokernel.
For A, there is a faithful morphism F0 : A → I0, with I0 injective in (R-2-
Mod)([13]). Then we get a sequence as follows
0I
0
A
0
F
0
can
0
S.1.
where 0 : 0→ A is the zero morphism[4, 5, 15]in (R-2-Mod), 0 is the R-2-module
with only one object and one morphism., can is the canonical 2-morphism in
(R-2-Mod), which is given by the identity morphism of only one object of 0.
From the existence of the relative cokernel in (R-2-Mod), we have the relative
cokernel (Coker(can, F0), p(can,F0), π(can,F0)) of the sequence S.1, which is in fact
the general cokernel (CokerF0, pF0, πF0) [4, 8]. For the R-2-module CokerF0,
there exists a faithful morphism F1 : CokerF0 → I1, with I1 injective in (R-2-
Mod)([13]). Let F1 = F1 ◦ pF0 : I0 → I1. Then we get the following sequence
0CokerF
1I0I
1F
1
F0
id
A
0F
p
0
F
1
a
0
0
0F
p
0
where α1 is the composition F1 ◦F0 = F1 ◦pF0 ◦F0 ⇒ F1 ◦0⇒ 0 and is compatible
with can.
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Consider the above sequence, there exists the relative cokernel (Coker(α1, F1),
p(α1,F1), π(α1,F1) in (R-2-Mod). For the R-2-module Coker(α1, F1), there is a faith-
ful morphism F2 : Coker(α1, F1) → I2, with I2 injective in (R-2-Mod)([13]). Let
F2 = F2 ◦ p(α1, F1) : I1 → I2. Then we get a sequence
1I 2I
2F
1
F0 2F
A 0
F
1
a
0
0
2
a
1 1
( , )Coker Fa
0I
0 0
( )1, 1F
p
a
( , )1 1Fa
p
where α2 is the composition F2 ◦ F1 = F2 ◦ p(α1,F1) ◦ F1 ⇒ F2 ◦ 0 ⇒ 0 and is
compatible with α1.
Using the same method, we get a 2-cochain complex of R-2-modules
0I 1I 2I
2
F
1
F
0 0
× × ×A 3
F0
F
2
a
1
a
0
can
0
0
Next, we will check that this complex is relative 2-exact in each point.
Since F0 is faithful, this complex is relative 2-exact in A.
From the cancellation property of pF0, there exists α2 : F2 ◦F1 ⇒ 0 defined by
(α2)y , (α2)y : F2 ◦ F1(y) → 0, ∀y ∈ obj(I0). And F1 : CokerF0 → I1 is in fact
F1(x) = F1(x), since pF0(x) = x. For any X, Y ∈ obj(CokerF0) and the morphism
g : F1(X)→ F1(Y ) of I1, such that the following diagram commutes
2
( )F g
0
2 1( )F F X
2Y
a
2 1( )F F Y
2 X
a
From F1 = F1◦pF0 and the existence of α2, we get a morphism g : F1(X)→ F1(Y )
in I1 and the commutative diagram
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2
( )F g
0
2 1( )F F X 2 1( )F F Y
2Y
a
2X
a
Moreover, from the definition of α2 = F2◦π(α1,F1), we have (α2)X = F2((π(α1,F1))X) =
F2([X, 1F1(X)]) and (α2)Y = F2((π(α1,F1))Y ) = F2([Y, 1F1(Y )]), and then (α2)
−1
Y =
F1([Y
∗, 10]), where Y
∗ is the inverse of Y in I0. Then, there is F2p(α1,F1)(g) =
(α2)
−1
Y ◦ (α2)X , i.e. F2([0, g]) = F2([Y
∗, 10] ◦ [X, 1F1(X)]) = F2([X + Y
∗, 1F1(X)])
from F2p(α1,F1)F1(X) to F2p(α1,F1)F1(Y ). Then we have [0, g] = [X + Y
∗, 1F1(X)] :
F1(X) → F1(Y ) from the faithful morphism F2, so there exist B ∈ obj(A) and a
morphism f : 0→ F0(B)+X+Y
∗ in I0 such that the following diagram commutes
( )1
1F X
;;
1
1 1
B
a + +
g
1, 1( ) 1
( )Fp F Xa 1, 11 ( ) 1(0) ( )FF p F Ya+
1, 1
*
1 0 ( ) 1( ( ) ) ( )FF F B X Y p F Ya+ + +
1, 1
*
1 0 1 ( ) 1( ) ( ) ( )FF F B F X Y p F Ya+ + +
1
( ) 1F f +
1, 1
*
1 ( ) 10 ( ) ( )FF X Y p F Ya+ + +
1, 1
*
1 ( ) 1( ) ( )FF X Y p F Ya+ +
Consider the pair (B, f), which is the morphism [B, f ] : 0 → X + Y ∗ in
CokerF0, it can be written as a composition
[B, f ] = ([B, 1F0(B)] + 1X+Y ∗) ◦ [0, f ].
Then there is F1([B, f ]) = F1(([B, 1F0(B)] + 1X+Y ∗) ◦ [0, f ]) = F1(([B, 1F0(B)] +
1X+Y ∗)) ◦ F1([0, f ]) = (F1(([B, 1F0(B)]) + 1F1(X+Y ∗)) ◦ F1([0, f ]) = (F1((πF0)B) +
1F1(X+Y ∗)) ◦ F1([0, f ]) = ((α1)B + 1F1(X+Y ∗)) ◦ F1(f).
Also, from the morphism [B, f ] : 0 → X + Y ∗ in CokerF0 and the basic
calculations, we have [B, f ]−1 = [B∗, 1F0(B)−1 + f
−1] : X + Y ∗ → 0, [B, f ] + 1Y :
Y → X and [B∗, f ] := ([B, f ] + 1Y )
−1 = [B∗, 1F0(B)−1 + f
−1 + 1Y ] : X → Y in
CokerF0. From the above commutative diagram, we have ((α1)B + 1F1(X+Y ∗) +
1F1(Y )) ◦ (F1(f) + 1F1(Y )) ◦ g = 1F1(X), after calculations, there is g = F1([B
∗, f ]).
Then, there exist a morphism [B∗ ∈ obj(A), f ] : X → Y in CokerF0 such that
F1([B
∗, f ]) = g, i.e. the faithful morphism F1 is α2-full. Then the above complex
is relative 2-exact in I0.
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Using the same method, we can prove the above 2-cochain complex is relative
2-exact in each point.
Theorem 1. Let R be a 2-ring, (L· : A → I·, α·) be an injective resolution of
R-2-module A, and F : A → B be a 1-morphism in (R-2-Mod). Then for any
injective resolution (M· : B → J·, β·) of B, there is a morphism F· : I· → J·
of 2-cochain complexes in (R-2-Mod) together with the family of 2-morphisms
{εn : Fn ◦ Ln ⇒Mn ◦ Fn−1}n≥0(where F−1 = F ) as in the following diagram
2I1I0I
2
L
1
L
0 0
× × ×A 3
L
0
L
2
a
1
a
0
can
0
2J0J
0
M
1
M
0
0
× × ×B
3
M
2
M
2
b
0
can
0
1
b
0
e
1
e
2
e
0
0
1J
0
FF
2
F
1
F
If there is another morphism between injective resolutions, they are 2-cochain ho-
motopy.
Proof. The existence of F0 : I0 → J0: Since L0 is faithful and J0 is an injective
object in (R-2-Mod), there exist 1-morphism F0 : I0 → J0 and 2-morphism
ε0 : F0 ◦ L0 ⇒M0 ◦ F as follows
0J
0
F
0
M F
0IA
0
L
0
e
Consider the morphism F0 : I0 → J0, we have a morphism
F0 : CokerL0 → CokerM0
X 7→ F0(X),
X
[A,f ]
−−→ Y 7→ F0(X)
[F (A),g]
−−−−→ F0(Y )
where g is the composition F0(X)
F0(f)
−−−→ F0(L0(A)+Y ) ⋍ F0L0(A)+F0(Y )
(ε0)A+1
−−−−→
M0F (A) + F0(Y ). Moreover, there is a commutative diagram
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0I
0
F
0kerCo L
0kerCo M
0F
0F
p
0G
p0J
From the relative 2-exactness of injective resolution of R-2-module, there exist
faithful morphisms L1 : CokerF0 → I1, M1 : CokerG0 → J1 and 2-morphisms
ϕ1 : L1◦pL0 ⇒ L1, ψ1 : M1◦pM0 ⇒M1, respectively. Then there exist 1-morphism
F1 : I1 → J1 and 2-morphism ε1 : F1 ◦ L1 ⇒ M1 ◦ F0 from the injectivity of J1.
From ε1 and F0◦pL0 = pM0 ◦F0, we can define a 2-morphism ε1 : F1◦L1 ⇒M1◦F0
by F1 ◦L1
F1(ϕ
−1
1
)
−−−−→ F1 ◦L1 ◦ pL0
ε1pL0−−−→M1 ◦F0 ◦ pL0 = M1 ◦ pM0 ◦F0
ψ1F0
−−−→M1 ◦F0,
which is compatible with ε0.
Next we will construct Fn and εn : Fn ◦ Ln ⇒ Mn ◦ Fn−1 by induction on
n. Inductively, suppose Fi and εi have been constructed for i ≤ n satisfying the
compatible conditions. Consider the morphism Fn : In → Jn, there is an induced
morphism
Fn : Coker(αn, Ln)→ Coker(βn,Mn)
X 7→ Fn(X),
X
[Xn−1,xn−1]
−−−−−−−→ Y 7→ Fn(X)
[Fn−1(Xn−1),yn−1]
−−−−−−−−−−−→ Fn(Y )
where yn−1 is the composition Fn(X)
Fn(xn−1)
−−−−−→ Fn(Ln(Xn−1)+Y ) ⋍ FnLn(Xn−1)+
Fn(Y )
(εn)Xn−1+1
−−−−−−−→ MnFn−1(Xn−1) + Fn(Y ). Moreover, there is the following com-
mutative diagram
nI
n
F
nJ
nF
( , )
n n
Coker La
( , )Ln n
p
a
( , )
n n
Coker Mb
( , )Mn n
p
b
Using the relative 2-exactness of injective resolutions of A and B, we have the
following diagram
19
1n+I
1n
F
+
1n+J
1n
M
+
1n
L
+
1nL +
1nM +
nI
n
F
nJ
nF
( , )
n n
Coker La
( , )Ln n
p
a
( , )
n n
Coker Mb
( , )Mn n
p
b
1ne +
1n
y
+
1n
j
+
The existence of Fn+1 and εn+1 come from the injectivity of Jn+1. Similar to
the appearing of ε1, there is a 2-morphism εn+1 given by εn+1, ϕn+1, ψn+1, and is
compatible with εn.
Next, we show the uniqueness of (F·, ε·) up to 2-cochain homotopy in (R-
2-Mod). Suppose (G·, µ·) is another morphism of injective resolutions. We will
construct the 1-morphism Hn : In+1 → Jn, and 2-morphism τn : Fn ⇒ Mn ◦
Hn−1 +Hn ◦ Ln+1 +Gn by induction on n. If n < 0, In = 0, so we get Hn = 0. If
n = 0, there is a 1-morphism F0 −G0 : CokerL0 → J0(see the following remark).
From the faithful morphism L1 : CokerL0 → I1 and the injectivity of J0, there
exist a 1-morphism H0 : I1 → J0 and 2-morphism τ
′
0 : H1L1 ⇒ F0−G0. Then we
get a 2-morphism τ0 : F0 ⇒ H0 ◦ L1 +G0.
Inductively, we suppose given family of morphisms (Hi, τi)i≤n so thatHi : Ii →
Ji−1, τi : Fi ⇒ Mi ◦Hi−1+Hi ◦Li+1+Gi. Consider the 1-morphism Fn−Gn−Mn ◦
Hn−1 : Coker(αn, Ln) → Jn and the faithful morphism Ln+1 : Coker(αn, Ln) →
In+1, the injectivity of Jn, there exist a 1-morphism Hn : In+1 → Jn and a 2-
morphism τ
′
n : Hn ◦ Ln+1 ⇒ Fn − Gn −Mn ◦ Hn−1. Then we get a 2-morphism
τ : Fn ⇒Mn ◦Hn−1 +Hn ◦ Ln+1 +Gn.
Remark 3. Morphism F0 −G0 : CokerL0 → J0 is given by:
For an object X in CokerL0, define (F0−G0)(X) by F0(X)−G0(X)(see [4, 5]).
For a morphism [A, f ] : X → Y in CokerL0, where A ∈ obj(A), f : X →
L0(A) + Y , there are morphisms F0(X)
F0(f)
−−−→ F0(L0(A) + Y ) ⋍ F0L0(A) +
F0(Y )
(ε0)A+1
−−−−→ M0F (A) + F0(Y ), G0(X)
G0(f)
−−−→ G0(L0(A) + Y ) ⋍ G0L0(A) +
G0(Y )
(µ0)A+1
−−−−−→ M0F (A) + G0(Y ), define (F0 − G0)([A, f ]) : F0(X) − G0(X) →
F0(Y )−G0(Y ) by the following morphisms under bifunctor +, i.e. (F0−G0)([A, f ]) ,
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((ε0)A + 1) ◦ F0(f)− ((µ0)A + 1) ◦G0(f).
F0−G0 is well-defined. In fact, if [A, f ] = [A
′
, f
′
] : X → Y in CokerL0, there
exists a morphism a : A→ A
′
such that the following diagram commutes
X
0
( ) 1L a +0
( )L A Y+
f
'
0 ( )L A Y+
'
f
Give the operation of F0 on the above commutative diagram, together with the
definitions of 1-morphism and 2-morphism in (R-2-Mod), we have the following
commutative diagrams
0 ( )F X
0 0
( ( ) 1)F L a +
0 0( ( ) )F L A Y+
0
( )F f
;;
0
1
A
e +
'
0 0( ( ) )F L A Y+
'
0
( )F f
0 0 0( ) ( )F L A F Y+
'
0 0 0( ) ( )F L A F Y+
'
0 0( ) ( )M F A F Y+0 0( ) ( )M F A F Y+
0 '
1
A
e +
0 0
( ) 1F L a +
0
( ) 1M F a +
For G0, there is a similar diagrams. Then we have (F0 − G0)([A, f ]) = (F0 −
G0)([A
′
, f
′
]).
F0−G0 is a functor, i.e. for given morphismsX
[A1,f1]
−−−−→ Y
[A2,f2]
−−−−→ Z in CokerL0,
there is (F0 −G0)([A2, f2] ◦ [A1, f1]) = (F0 −G0)([A2, f2]) ◦ (F0 −G0)([A1, f1]). In
fact, [A2, f2] ◦ [A1, f1] = [A1 + A2, (1 + f2) ◦ f1], (F0 − G0)([A2, f2] ◦ [A1, f1]) =
(F0−G0)([A1+A2, (1+f2)◦f1]) = ((ε0)A1+A2+1)◦F0((1+f2)◦f1)−((µ0)A1+A2+
1)◦G0((1+f2)◦f1) = ((ε0)A1+(ε0)A2+1)◦F0(1+f2)◦F0(f1)− ((µ0)A1+(µ0)A2+
1) ◦G0(1+ f2) ◦G0(f1) = ((ε0)A2 +1) ◦F0(f2)− ((µ0)A2 +1) ◦G0(f2)((ε0)A1 +1) ◦
F0(f1)− ((µ0)A1 + 1) ◦G0(f1) = (F0 −G0)([A2, f2]) ◦ (F0 −G0)([A1, f1]).
F0 −G0 is an R-homomorphism of R-2-modules from F0, G0 are.
Morphism Fn−Gn−MnHn−1 : Coker(αn, Ln)→ Jn is given by the following
way:
For an object X in Coker(αn, Ln), define (Fn−Gn−MnHn−1)(X) by Fn(X)−
Gn(X)−MnHn−1(X)(see [4, 5]).
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For a morphism [Xn−1, xn−1] : X → Y in Coker(αn, Ln), where Xn−1 ∈
obj(In−1), xn−1 : Ln(Xn−1) + Y . Consider the following composition morphisms
Fn(X)
Fn(xn−1)
−−−−−→ Fn(Ln(Xn−1)+Y ) ⋍ FnLn(Xn−1)+Fn(Y )
(εn)Xn−1+1
−−−−−−−→ MnFn−1(Xn−1)+
Fn(Y ), Gn(X)
Gn(xn−1)
−−−−−→ Gn(Ln(Xn−1) + Y ) ⋍ GnLn(Xn−1) + Gn(Y )
(µn)Xn−1+1
−−−−−−−→
MnGn−1(Xn−1) + Gn(Y ), MnHn−1(X)
MnHn−1(xn−1)
−−−−−−−−−→ MnHn−1(Ln(Xn−1) + Y ) ⋍
MnHn−1Ln(Xn−1)+MnHn−1(Y ), together with 2-morphism τn−1 : Fn−1 ⇒ Mn−1Hn−2+
Hn−1Ln +Gn−1, define (Fn −Gn −MnHn−1)([Xn−1, xn−1]) by the operation of +
of above morphisms.
Similarly, Fn −Gn −MnHn−1 is an R-homomorphism of R-2-modules.
4 Derived 2-Functor in (R-2-Mod)
In this section, we will define the right derived 2-functor between the abelian 2-
categories (R-2-Mod) and (S-2-Mod), which have enough injective objects[13, 14].
Definition 4. Let R,S be two 2-rings. An additive 2-functor([4]) T : (R-2-
Mod)→(S-2-Mod) is called left relative 2-exact if the relative 2-exactness of
A B C
F G
0
0
0 0
0
j
0 0
can can
in A,B and C implies relative 2-exactness of
( )T A ( )T B ( )T C
( )T F ( )T G
0
0
0
0
can
( )T j
in T (A) and T (B).
By Remark 2 and Proposition 1, Theorem 1, there is
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Corollary 1. Let T : (R-2-Mod)→(S-2-Mod) be an additive 2-functor, and A be
an object of (R-2-Mod). For two injective resolutions I·, J· of A, there is an
equivalence between cohomology R-2-modules H·(T (I·)) and H
·(T (J·)).
Let T : (R-2-Mod)→(S-2-Mod) be an additive 2-functor. There is a 2-functor
RiT : (R-2-Mod)→ (S-2-Mod)
A 7→ RiT (A),
A
F
−→ B 7→ RiT (A)
RiT (F )
−−−−→ RiT (B)
where RiT (A) is defined by Hi(T (I·)), and I· is the injective resolution of A. R
iT
is a well-defined 2-functor from the properties of additive 2-functor and Corollary
1.
Corollary 2. Let T : (R-2-Mod))→(R-2-Mod)) be a left relative 2-exact 2-functor,
and A be an injective object in (R-2-Mod)). Then RiT (A) = 0 for i 6= 0.
The following is a basic property of derived functors.
Theorem 2. The left derived 2-functor L∗T takes the sequence of R-2-modules
A
B
C
j
0
GF
which is relative 2-exact in A, B, C to a long sequence 2-exact([2, 15])in each
point in (S-2-Mod)
( )nTR A ( )
nTR B ( )
nTR C
00
× × ×
1 ( )n T+R B
n
S
0
1 ( )n T+R A
( )
n
T FR ( )
n
T GR
1
( )
n
T F
+
R
n
D
× × ×
n
Y
( )
n
T jR
In order to prove this theorem, we need the following Lemmas.
Lemma 2. Let I and J be injective objects in (R-2-Mod). Then the product
category I × J is an injective object in (R-2-Mod).
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Proof. First we know that I × J is an R-2-module([5]). So we need to prove the
injectivity of it. There are canonical morphisms
I
p1
←− I × J
p2
−→ J , I
i1−→ I × J
i2←− J .
For any morphism G : A → I×J , there are composition morphisms G1 : A
G
−→ I×
J
p1
−→ I, G2 : B
G
−→ I × J
p2
−→ J . Then for a faithful morphism F : A → B, there
exist 1-morphisms G
′
1 : B → I, G
′
2 : B → J and 2-morphisms h1 : G
′
1 ◦ F ⇒ G1,
h2 : G
′
2 ◦ F ⇒ G2 since I and J are injective objects in (R-2-Mod).
So there are 1-morphism G
′
: B → I × J given by G
′
, (i1G
′
1, i2G
′
2) and
2-morphism h : G
′
◦F ⇒ G : A → I×J given by the composition hA : G
′
F (A) =
(i1G
′
1, i2G
′
2)(F (A)) = (i1G
′
1F (A), i2G
′
2F (A)) ⋍ (G
′
1F (A), G
′
2F (A))
((h1)A,(h2)A)
−−−−−−−−→
(G1(A), G2(A)) = G(A), for any A ∈ obj(A).
Then I × J is an injective object in (R-2-Mod).
Lemma 3. Let (F, ϕ,G) : A → B → C be an extension of R-2-modules in (R-2-
Mod)(similar to the symmetric 2-group case in [1, 4, 15]), (I·, L·, α·) (J·, N·, β·)
be injective resolutions of A and C, respectively. Then there is an injective reso-
lution (K·,M·, γ·) of B, such that I· → K· → J· forms an extension of 2-cochain
complexes in (R-2-Mod).
Proof. We give the construction of injective resolution (K·,M·, γ·) of B in the
following steps.
Step 1. Since I0 is an injective object, together with faithful morphism F :
A → B and 1-morphism L0 : A → I0, there exist 1-morphism L0 : B → I0 and
2-morphism h0 : L0 ◦ F ⇒ L0. Then we can define a 1-morphism
M0 : B → I0 × J0
B 7→ M0(B) , (L0(B), N0G(B)),
(B1)
g
−→ (B2) 7→ (L0(g), N0G(g)).
Moreover, M0 is faithful. In fact, if for any two morphisms g1, g2 : B1 → B2 in
obj(B), such that M0(g1) = M0(g2) : M0(B1)→ M0(B2), i.e. (L0(g1), N0G(g1)) =
(L0(g2), N0G(g2)). From the definition of I0×J0, we have N0G(g1) = N0G(g2) and
from M0 is faithful, there is G(g1) = G(g2) : G(B1) → G(B2). By the universal
property of cokernel and the definition of extension of R-2-modules(similar as
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symmetric 2-group case in [1, 4, 15]), there are a full and faithful morphism G0 :
CokerF → C and a 2-morphism ψ0 : G0 ◦ pF ⇒ G : B → C. Then we have the
identity G0pF (g1) = G0pF (g2) : G(B1) → G(B2) following from the properties of
ψ0, i.e. [0, g1] = [0, g2] : B1 → B2 in CokerF , so g1 = g2.
Also,
0
0I 0J0 0´I J
j
CBA
0
N0M0
L
GF
0
i
0
p
0
m
0
l
0
id
is the morphism of extensions in (R-2-Mod), where λ0 : i0 ◦L0 ⇒M0 ◦ F is given
by h0, µ0 : p0 ◦M0 ⇒ N0 ◦G is the identity.
Step 2. From the definition of relative 2-exactness, there are faithful 1-
morphisms L1 : CokerL0 → I1, N1 : CokerN0 → J1 as in the following diagram
0I
0J
0 0´I J
0CokerL
0CokerN
0CokerM
0N
p
0M
p
0L
p
0
i
0
p
0i
0p
1I
1 1´I J
1J
1L
1N
1
i
1p
1M
1
h
'
1L
whereM1 : CokerM0 → I1×J1 is given byM1(X0, Y0) , (L1
′
(X0, Y0), N1p0(X0, Y0),
for any (X0, Y0) ∈ obj(I0 × J0), which is faithful from the proof of step 1.
Then we get a composition 1-morphism M1 = M1 ◦ pM0 : I0 × J0 → I1 × J1,
and a composition 2-morphism γ1 : M1 ◦M0 ⇒ M1pM0M0 ⇒ M1 ◦ 0 ⇒ 0, such
that
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0I
1J1 1´I J
1
i
1
p
1I
0 0´I J 0J
1
L
1
M
1
N
0
i 0p
id
id
0
0
1
m
1
l
is a morphism of extensions in (R-2-Mod), where λ1 and µ1 are given in the natural
way as in step 1.
Step 3. From the definition of relative 2-exactness, there are faithful 1-
morphisms L2 : Coker(α1, L1)→ I2, N2 : Coker(β1, N1)→ J2 as in the following
diagram
2I
1J
1 1´I J
1
i
1
p
1i
1p
1I
2 2´I J
2J
2L
2M
2
i
2
p
2N
2
h
1 1
( , )Coker La
1 1
( , )Coker Mg
'
2L
( , )1 1L
p
a
( , )1 1M
p
g
( , )1 1N
p
b 1 1
( , )Coker Nb
where M2 : Coker(γ1,M1)→ I2×J2 is given by the step 2, and also it is faithful.
Then we get a composition 1-morphismM2 =M2◦p(γ1,M1) : I1×J1 → I2×J2,
and a composition 2-morphism γ2 : M2 ◦M1 ⇒M2 ◦ 0⇒ 0, such that
2I
1J1 1´I J
1
i
1
p
1I
2 2´I J 2J
2
L
2
M
2
N
2
i 2p
2
m
2
l
id
id
0
0
is a morphism of extensions in (R-2-Mod), where λ2 and µ2 are given in the natural
way as in step 1.
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Using the same method, we get a complex (I × J·,M·, γ·) of product R-2-
modules. Using the methods in Proposition 2, this complex is relative 2-exact in
each point, and (i·, id, p·) : I· → I· × J· → J· forms an extension of complexes in
(R-2-Mod).
Set Kn = In × Jn, for n ≥ 0, which are injective objects in (R-2-Mod) by
Lemma 3.
By the universal property of (bi)product of R-2-modules and the property of
additive 2-functor([4, 5]). We get
Lemma 4. Let T : (R-2-Mod)→ (S-2-Mod) be an additive 2-functor, and A, B
be objects in (R-2-Mod). Then there is an equivalence between T (A × B) and
T (A)× T (B) in (S-2-Mod).
Proof of Theorem 2. For R-2-modules A and C, choose injective resolutions
A → I· and C → J·. By Lemma 2 and Lemma 3, there is an injective resolution
B → I· ×J· fitting into an extension I·
i·−→ I· ×J·
p·
−→ J· of injective complexes in
(R-2-Mod)(similar as [2]). By Lemma 4, we obtain a complexes of extension
T (I·)
T (i·)
−−→ T (I· × J·)
T (p·)
−−−→ T (J·).
Similar to the proof of Theorem 4.2 in [1], there is a long sequence
( )nTR A ( )
nTR B ( )
nTR C
00
× × ×
1 ( )n T+R B
n
S
0
1 ( )n T+R A
( )
n
T FR ( )
n
T GR
1
( )
n
T F
+
R
n
D
× × ×
n
Y
( )
n
T jR
which is 2-exact in each point.
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